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To Parameters

In the present paper, making an appeal to difference operators, we evaluate
certain integrals involving multiple hypergeometric functions of Chandel-Gupta
(1986), Exton (1972,76), Karlsson (1986), Chandel and Gupa (2007) with respect to
parameters. We also apply same technique to evaluate integrals involving
hypergeometric functions of four variables due to Sharma and Parihar (1989).
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Introduction

Recently, making an appeal to difference operator E, defined by

(L) Ef(a)=f(a+1),E"(f(a)=f(a+n),

and integral due to Erdeély1 [5.p.224]

(12)

J. . sm[(_m + l)m]dx - 2 Re (o +ay)>1,

-=sinml (o, +x)(ay—x) T(a,+0,-1)

Joshi and Bhati [,jnanaha 27 (1997)] evaluated some integrals involving
hypergeometric functions of three and four variables and discussed some special
cases.

Recently, making an appeal to difference operators Chandel [2003 presented
in ISAAC Congress 2003, York Univ. Toronto Canada] obtained various
transformations of multiple hypergeometric functions of several variables due to

Chandel-Gupta [ J M@N3NA 16 (1986)], Chandel-vishwakarma [,J N@naha

19 (1989)] and discussed their interesting special cases.
In the present paper, making an appeal to difference operators, we evaluate
certain interesting integrals involving multiple hypergeometric functions of several

F(n) F(n)
e

variables A including Intermediate Lauricella's multiple hypergeometric
functions and confluent form of Lauricella [16].
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Tlo, +...+
2. Techniques Applied. Multiplying both sides of (1.2) by ————-"~
I(a,)..I(a,)

and operating it by the operator
n o,

exp[ulE +..+u E :|,

we have

sin(2n'+1)nx (o +...ta,)
“ sinml (o +x)T (e — %) T(og)...T(c,)

cea=2 r
=expuE, +.+u,E, . (o +...+01,)
' [(o; +ay~1) [lay)...I(a,)

&
J expinE, +..+u,E
-

LHS= IW xp(w,E, +...+u,E, )

I‘((xl +... +0L“)
1r(a1 +x)1"(0.2 _x)r(as)“'r(an)}dx

=fx sin(2m +1)mx
~ssinmel (o, +x)T (o, —x)

= T(oy +..+a, +m +..+m,) w'ooul

2 dx
my e, in, =0 r(al + ml +x)r (G’Z + mZ - x)r(aﬁ + m3 )"'r(a’u +m”) ml ' mn '
B oy +..+a,) I sin(2m +1)mx
" T(oy)...T (o, )T (o, + 0, — 1) == sin T (o, +2)T (o, —x)
W (00 o 00,5 0y + 2,0 = X, Oy O 5y e )

m m, oy +0ig =2
RHS= B { oy va,) }
Ny gttty =0 ml mn' ' " F(U’l +CL2 _l)r(afi)"'r(un)
P i W' oy +..+0, +m+..+m, ) gt
Yy iy, =0 m, ! n, ! (CL] + oy — 1);,“ +my )r g ( n )u

2972 (o, +...+ 0, )
I'(o, +o, —1)T(ay)...T(a,)

q;(z"'“(ot +otooy Foy — 1o, o200 F )., )

n?

Thus equating L.H.S. and R.H.S., we derive

sin(2m +1) mx
e =gin el (o, +x)T (o, — x)

0 . .
Wi (o o O, 30 X, Oy — X, Oy O, 5 Uy s Uy, ) X

2:x|+c.272
(n-1) . _
y¥s (ot o+ o0 oty — 1oy, 00,320 + 1) 1,001,

(o 4o, —1
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Rel o, + az) >1m g
where is integer and is confluent hypergeometric

form of Lauricella's multiple hypergeometric function [16].
For brevity, we consider the integral operator
(2.2)

_G(oc1+0c2- 1) sin(2m+1) nx
Sti= 24t 2 =¥ sinuxGl o, + x) Glo, ){}

Relo, +a,)>1.

where m is an integer and
Therefore,

2y ST=1,
and (2 1) can be written as

» W (o + ot o ag + X0, - X,cx3,..,an;u1,..,un)}
—\|12 1’(oc1+ Aoy oy Lag,.,o, 200 +0,),us,.,u,),

Re(ocl+(x2) >1

Considering

Qa2 }f(a1+...+ocn)

. s
(L-wE,)"..(1-uE,) S{r( T(cty)...T(ct,)’

oy +0ty —1)
we derive
(2.5)

_(2)gpln) . .
= (04t , By 4B, 0 + O — L0, @, 520,200, Uy, ... 1y, ),

Re(o, +05)>1 Re(a;)>0,i=3,...,n,

F(n) (2) F(n)
A is Lauricella's multiple hypergeometric function [16] and AD is

Intermediate Lauricella's multiple hypergeometric function due to Chandel-Gupta [3]
for k=2.
Similarly,Considering

o <1,

(-, e, ) (-8, -, ) 5|
we derive

(2.6) S{PF (ty +.ec s B, By 0y + 2, 0y — X, Ol Uy Uy sy, )}

= Frfl'(al + oyttt BByt B, 0 F oy — L0y, , 0, Uy Uy, Uy, U,),
Re (o, +0,)>1LRe (o, )>0,i =3,..,nlu, +u,|+|us| +... +|e,| <1, and @F is

intermediate Lauricella’s multiple hypergeometric function of Chandel-Gupta [3] for

k=2.
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Further considering

-B

(L-uwE, )" (1-wE, )" B[ B, +.+uE, |

Sl Qo +ep~2 F(a1+...+an)F(a3)...F(Ot”ﬂ

b
1F(0t1 +ay—1) J
we obfain
(n-2) galn) . .
27 S{ (0 et 0L Oy Oy By Bas By 00 + X, 005 = 35 us,...,un_z,ul,uz)}

_(2)(n) . .
_(UFD (0‘1+"'+an:Bl;BZ)a3+"'+an70‘1+a2_1:B)?1'Ll)2u27u3:'":un))

Re(a, +0,)>1, Re(o;)>0,i=3,..,n, and }E) is multiple hypergeometric

SJ’ Qo =ag-2 1"(0{1+...+01")1—(051)1—(a2)}
lf(a1+a2—l) [(ag)...T(a,) '

we again derive (2.5) specially for B, = o, ,B, = cty.

Further considering

[1 - (ulEa, o+ “nEu,. )]_u [1 - (u"“E“k-IEB&—l et u"Ec,_" EBH )J_ﬂ

)

gu+ez2  [(a,)..T'(a,)
JS{I‘(OL1 +dy—1) }

and choosing A=2, we finally establish
@.8) S{F, (0,0,,00,0 + 2,0, — X,U,,Us) |

=F (o, oy, 0500y + 0ty — 1,20, ,20,),

Re(oc, +oc2) >1 and F,, F, are Appell's hypergeometric functions of two variables
(11 max (Joas),Jaea)) <172,
which has also been obtained by Joshi and Bhati [14, (3.1)] using other operators.

If we consider

-B Qe FUz=2 I'(oty +.atoty,)
- E CES E »
[1 (ul a T UL, )] S{r(a] + Oy _1) F(O“B)'"F(U‘n)

we obtain
(72) - -
S{F’C (Ot teeatOl, , Broly + X, 0y — X, 005 5mnn y Oy 5 Uy 5ene s Ly )}

2.9

- FF.“"’(c:;vz1+...+otn,B;al +ay-1a,,...,0,,2(u + ug],u:;,...,uh]
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Re(a, +a,)>1, Re(q,)>0,i=3,..,n, |y ‘Uz +otu, |1"‘2 <1 and E" is
Lauricella's multiple hypergeometric function of several variables [16].

Further Considering

CwE V(1w g Vo2 ()Tl }
(LB, ) (Ut ) S| e T syl + o)

we derive

(2.10) S{2F1 (@ oo+ x5u)o F (0,000, —x,ug)}
= E‘! (alxa2:a1J02;al + a2;2u1:2u2)x

Re(al +Ot2) >1, max (Juyl, |u>])<1/2 and F; is Appell's function of two variables [1],

which also suggests that

@.11) S{JFI (o 0+ 250 )  Fy(ogs o, _x;uz)}

— 52(0'.1,0(2,'0.1 + 0.2;21,‘1,2“2),

Re(o, +a,)>1, [u|<1/2,

u,| << and.X; is confluent form due to Humbert [12] of
Appell's function [1].

Again Considering

-

20‘.1+q;-2 1
1-(wE, +..4u If S )
B ot ) {f(aﬁﬁzl) r(a:,)...r(a,.)}

we arrive at

(n) . .
Wy (GJ Oy +X,05—X,03,...,0,; ul>u2;"-:un)}

(2.12) S{

(n=1)¢ . .
=wy ooy +og =1ty 0, 21 Uy, U, 1)
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oNe (o oy o oy + oty — Loty ey 0, 521ty + ) U, Uy ),

Re(a, +o,)>1,Re(a,)>0,i=3,..,n and \)¢i,. is confluent form of intermediate

Lauricella's function due to Chandel-Gupta [3].

If we consider

(1 B ulEal )—bl (1 B ukEak )’bk [1 _ (ulleu;,q +...+ u"E““ )}*a

I Q1 +y=2 r(al+g2+...+a,,)}
ll—((l1+(12‘1) [(ay)...I(a,) ,

we derive

(M (n)
2.13) [,)¢A,(au+ A0 Oy + X, Oy — X, O,

b .’r’ul’ >un)}
(
¢XC(0: O+t Oy 5 O + Og — L, 0g,.0, 00,520y +Uy), u3,...,un),

Re(a, +a,)>1,Re(c;,)>0,i =3,..,n and )¢ is confluent form of intermediate

Lauricella's function due to Chandel-Gupta [3].

If we consider

(1 - ulEm )4’1 (1 - u"Eﬂk )7[7& [1 B (u”“Euﬂ‘l Tt u"E““ )}_a

J 21722 F(al+a2+...+a,,)}
ll’(a1+a2—1) (o). (e,

Qa2 F(a1+a2+...+a")1
[F(a1+cx2—1) (o). (o, ) J’

we arrive at for k=2

n-2) g (n) . .
218 { FAC(otl+...+on,,,a,bl,b2,o:;,,.,.,oc,,,(xl+x,on2—x,ug,...,u,,,ul,uz)}

_(2)gp(n) . .
= FCD(a1+...+a,,,a,bl,b2,ocl+a2f1,a3,...,a,,,2u1,2u2,u3,...,u,,)J

Rela, +a,) >LRela,) >0,i=3,..,n; WFl

is intermediate

(k) £ (n)
Lauricella multiple hypergeometric function due to Chandel Gupta [3] CD while
is intermediate Lauricella multiple hypergeometric function due to Karlsson [15].

Further Considering
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[1-(wE, +.+uE, )]'“ (1-w.E, )" (1-wE,)"

s{ Qo+~ F(al)...r(ocn)}
I(

oy +0gy —1) T(ag+...+a,) ’

we finally derive for k=2

(n-2) g(n) . .
S{ FCD(u1+...+an,a,an__l,an_,as,...,an,ul+x,oc2—x,un_l,u,z,ul...,u"__z)}

(2.15)

a,a, ,,q

n

ns Olgye.., 0,

_(n-2)ga(n-1) ) .
=" Fop (o + 0+ 40 o + 0y = Ldg, ..., 14,21, +15))

Re(o, +a,)>1, Re(oy+..+0,)>0 and "Fj is intermediate Lauricella's

function due to Karlsson [15].

If we consider
exp(u B B, tuE, +uE, +u,E, E, )

[ 9%u+ez-2 1'[(11+a3)r(c12+ﬂ4)1'(a._,+a3)1'(al+a4)]
11’[111 +a,-1) [(a'y+ay)

we derive

(4) .
S{F29 (0ty + Oy, 0Ly + Oy, Oy + 0Ly, Oy + 0Ly, Olg + OLg, Oy + 0Ly, Ol + Cly, Oy + 0Ly,

(2.16)

g0y 0 + X, 0y — X, Oy 00y Uy, Uy, Uy, Uy )}

(4) .
:F.SB (O'l +0g,0 + 04,09 +00,,0 +0 4,00 +0g,0 +0 4,0y +0g,00 +0,

' ' 1 LI
ety 0, + 0, — 1o, +oy — Loy +a', ;1 2u,,2u,,u,)
2

hypergeometric functions of four variables defined by Sharma and Parihar [17].

Making similar difference operational approach, several other interesting
integrals involving multiple hypergeometric functions of different variables can be
evaluated.

are

Objective of the Study Making an appeal to difference operators, we want to evacuate certain integers
involving multiple hypergeometric functions.

Conclusion In the present paper, making an appeal to difference operators, we evaluate certain
interesting integrals involving multiple hypergeometric functions of several variables
including intermediate lauricella’s multiple hypergeometric functions and confluent
form of lauricella.
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